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ABSTRACT 

Reduced order models (ROMs) are widely used to approximate the dynamic response of large-

scale structural systems while substantially reducing computational cost. Inherent 

uncertainties necessitate the assessment of ROMs within an uncertainty quantification (UQ) 

framework. Although the deterministic accuracy of reduction techniques has been extensively 

investigated, their capability for UQ remains insufficiently understood.  This study presents a 

systematic UQ-based assessment of four condensation techniques: Guyan reduction, dynamic 

condensation, Improved Reduced System (IRS), and the System Equivalent Reduction 

Expansion Process (SEREP). A shear frame and a plane truss are used to evaluate the 

combined influence of the reduction technique, master degree of freedom (DOF) selection, 

and structural dynamic complexity on ROM predictive capability. Polynomial Chaos 

Expansion (PCE) is employed for UQ, and variance-based Sobol' indices are adopted for 

global sensitivity analysis (GSA). SEREP consistently provides the closest approximation to 

the full order model, whereas IRS also maintains high accuracy over most vibration modes. 

The accuracy of the Guyan and dynamic condensation methods decreases as higher-order 

dynamics become increasingly important.  
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1. INTRODUCTION 

 

The dynamic behaviour of structures is strongly influenced by their vibrational characteristics, 

which are primarily determined by the distribution of mass and stiffness. Among these 

parameters, natural frequencies are of particular importance. Resonance occurs when the 

excitation frequency approaches a natural frequency, leading to excessive structural vibrations 

that may compromise structural performance and safety [1-3]. This issue becomes 

increasingly significant for large-scale structural systems, where dynamic analyses often 

involve substantial computational demands. 

Model order reduction (MOR) techniques have emerged as an efficient framework for 

reducing the computational cost of structural dynamic analysis. By decreasing the number of 

degrees of freedom (DOFs), these methods improve computational efficiency while retaining 

the essential dynamic characteristics of the original structure [4-6]. 

Numerous studies have investigated condensation-based reduced  order models (ROMs) 

in structural dynamics, demonstrating that the performance of these techniques depends on 

both the adopted reduction strategy and the characteristics of the underlying structural system 

[4, 7, 8]. Various condensation techniques, including Guyan reduction, dynamic condensation, 

Improved Reduced System (IRS), and the System Equivalent Reduction Expansion Process 

(SEREP), have been developed to offer varying levels of computational efficiency while 

maintaining predictive accuracy.  Owing to their distinct theoretical assumptions and 

numerical formulations, these methods exhibit varying levels of fidelity across diverse 

structural applications, making the selection of an appropriate condensation strategy a critical 

factor in obtaining reliable reduced order predictions. 

Uncertainties in structures arise from multiple interacting sources that can affect the 

reliability of numerical predictions [9]. These uncertainties originate not only from inherent 

variability in material properties, geometric imperfections, boundary conditions, and external 

loads, but also from limitations in measured data, including noise, missing information, and 

experimental inaccuracies [10, 11]. Moreover, modelling assumptions and numerical 

simplifications can further contribute to deviations in predicted structural responses. 

Within this context, reduced  order representations inherently involve approximation errors 

because reducing the system dimension may affect the dynamic response of the full  order 

model (FOM). The extent to which different condensation techniques can reliably propagate 

input uncertainties while maintaining the computational advantages of model reduction 

remains an important research question. 

To improve the reliability of predictions under such uncertain conditions, uncertainty 

quantification (UQ) provides a rigorous framework for characterizing uncertainties and 

evaluating their effects on structural responses. By enabling the systematic assessment of 

uncertainty propagation within computational models, UQ facilitates more reliable 

predictions, supports model validation, and enhances confidence in numerical simulations [12-

14]. Its integration into computational mechanics has become increasingly important for 

addressing uncertainty-driven challenges and supporting robust engineering decisions [15]. 

Monte Carlo simulation (MCS) is among the most established techniques for UQ, enabling 

probabilistic assessment of structural responses through repeated random sampling [16]. 

Despite its reliability and broad applicability, MCS requires a large number of samples to  [
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achieve statistical convergence, which may lead to significant resource requirements, 

particularly for high-fidelity finite element analyses [17]. 

To overcome the high cost associated with repeated evaluations in MCS, surrogate 

modelling techniques have been developed as efficient alternatives for approximating 

computationally demanding models. These methods use data from numerical simulations or 

experiments to approximate high-fidelity model responses, enabling rapid predictions while 

maintaining acceptable accuracy [18-20]. Among various surrogate approaches, Polynomial 

Chaos Expansion (PCE) has attracted considerable attention in UQ due to its mathematical 

foundation and ability to represent stochastic responses using orthogonal polynomial 

expansions. The coefficients of the resulting expansion provide quantitative insight into the 

contribution of input uncertainties to the variability of the system response [21-24]. 

The applicability of PCE has been validated in a wide range of structural engineering 

problems, from simplified benchmark examples to full-scale structural systems. Previous 

studies have reported strong agreement between PCE predictions and MCS results, while 

requiring substantially fewer model evaluations, demonstrating its capability for uncertainty 

quantification and sensitivity analysis of structural responses [25, 26]. 

Sensitivity analysis (SA) complements UQ by examining how uncertainties associated 

with model inputs affect variations in predicted responses [27]. To account for interactions 

among multiple uncertain parameters, global sensitivity analysis (GSA) provides a 

comprehensive assessment of input–output relationships by identifying the relative influence 

of uncertain parameters on the variability of structural responses [28]. This information is 

particularly valuable in structural engineering, where recognizing the most influential sources 

of uncertainty can support informed modelling decisions and improve the reliability of 

computational analyses. 

The Sobol method is frequently employed in GSA because of its variance-based 

decomposition of model outputs into effects associated with individual uncertain parameters 

and their combined influence. This formulation enables quantitative evaluation of parameter 

importance and provides insight into the relative role of uncertain inputs in governing the 

variability of structural responses. Previous investigations have applied the Sobol method to 

various engineering problems, verifying its suitability for uncertainty analysis in systems 

involving multiple uncertain variables [29-31]. 

The present study investigates the performance of four condensation methods, namely 

Guyan reduction, dynamic condensation, IRS, and SEREP, for approximating structural 

responses in the presence of uncertainties. Unlike deterministic assessments, this work 

provides a systematic evaluation of these techniques under uncertain conditions and examines 

their ability to deliver reliable frequency predictions for structures with different dynamic 

behavior. 

The uncertainties considered in this study originate from variability in material properties 

and geometric parameters. Their effects on natural frequency predictions are evaluated 

through UQ and GSA using two benchmark systems exhibiting different dynamic 

characteristics: a shear frame with a relatively narrow frequency range (approximately 2 −
40 𝐻𝑧) and a plane truss spanning a much broader range (approximately 20 − 2000 𝐻𝑧). 

The main contributions of this study include three key aspects. First, it evaluates how the 

selection of retained DOFs influences the accuracy of natural frequency prediction. Second, it 

examines how input uncertainties affect structural responses predicted by ROMs. Finally, it 
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applies GSA to compare ROMs and FOMs, providing insight into the relative advantages and 

limitations of different reduction strategies. 

The remainder of this paper is organized as follows. Section 2 presents the methodology, 

including the condensation techniques, PCE-based UQ framework, and Sobol method for 

GSA. Section 3 describes the numerical models and the adopted DOF reduction procedure. 

Section 4 discusses the results, focusing on the comparative performance of the condensation 

techniques, uncertainty effects, and sensitivity assessment. Finally, Section 5 summarizes the 

main conclusions of this study. 

 

 

2. METHODOLOGY 
 

This section outlines the methodology for assessing the accuracy of the considered MOR 

techniques in approximating structural responses under uncertain conditions. It involves four 

condensation methods, namely Guyan reduction, dynamic condensation, IRS, and SEREP, 

together with PCE-based UQ and the Sobol method for GSA. 

 

2.1 Condensation methods 
 

Condensation techniques reduce the number of DOFs by retaining a subset of the original 

coordinates while eliminating the remaining ones. Accordingly, the DOFs are partitioned into 

master (𝑚) and slave (𝑠) subsets. Based on this partitioning, the governing equation of motion 

for an 𝑛-DOF system can be written as follows [7]: 

 
 𝑀𝑢̈ + 𝐶𝑢̇ + 𝐾𝑢 = 𝑓 (1) 

 

 

Here, 𝑀, 𝐶, 𝐾 ∈ ℝ𝑛×𝑛 denotes the mass, damping, and stiffness matrices, respectively, while 

𝑓 = 𝑓(𝑡) ∈ ℝ𝑛×1 is the load vector, and 𝑢 =  𝑢(𝑡) ∈  ℝ𝑛×1 represents the state vector of 

interest in condensation methods, 𝑚 master DOFs are selected to remain in the system during 

the reduction process. The state vector is then approximated as  𝑢 = 𝑇𝑢𝑅, where 𝑇𝜖ℝ𝑛×𝑚 is 

the transformation matrix, and 𝑢𝑅 ∈ ℝ𝑚×1 represents the reduced state vector. This 

transformation leads to the following equations: 

 
 𝑀𝑅𝑢̈𝑅 + 𝐶𝑅𝑢̇𝑅 + 𝐾𝑅𝑢𝑅 = 𝑓𝑅 (2) 

 

 𝑀𝑅 = 𝑇𝑇𝑀𝑇,    𝐶𝑅 = 𝑇𝑇𝐶𝑇,    𝐾𝑅 = 𝑇𝑇𝐾𝑇,    𝑓𝑅 = 𝑇𝑇𝑓 (3) 
 

 

Where 𝑀𝑅 , 𝐶𝑅 ,  𝐾𝑅 ∈ 𝑅𝑚×𝑚  are the reduced mass, damping, and stiffness matrices, 

respectively, and 𝑓𝑅 ∈  ℝ𝑚×1 denotes the reduced load vector.  The distinction among the 

condensation techniques lies in the formulation of the transformation matrix 𝑇, which is 

described for each method in the following subsections. 

 

2.1.1 Guyan reduction 
 

The Guyan reduction, also known as static condensation, is based on the assumption that 

the inertia effects associated with the eliminated DOFs are negligible [32]. The eliminated 
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coordinates can therefore be expressed solely in terms of the retained DOFs, resulting in a 

reduced order representation of the full model. The following formulation is based on [7]. 

Partitioning the state vector into master and slave components allows the matrices in Eq. (1) 

to be expressed as follows: 

 
 

[
𝑀𝑚𝑚 𝑀𝑚𝑠

𝑀𝑠𝑚 𝑀𝑠𝑠
] [

𝑢̈𝑚

𝑢̈𝑠
] + [

𝐾𝑚𝑚 𝐾𝑚𝑠

𝐾𝑠𝑚 𝐾𝑠𝑠
] [

𝑢𝑚

𝑢𝑠
] = [

𝑓𝑚

𝑓𝑠
] (4) 

 

 

It is assumed that no external forces are applied to the slave DOFs, resulting in the following 

equation: 

 
 𝑢𝑠 = −𝐾𝑠𝑠

−1(𝑀𝑠𝑚𝑢̈𝑚 + 𝑀𝑠𝑠𝑢̈𝑠 + 𝐾𝑠𝑚𝑢𝑚) (5) 
 

 

Neglecting the inertia terms yields the following transformation matrix for the Guyan 

reduction: 

 
 

[
𝑢𝑚

𝑢𝑠
] = [

𝐼

−𝐾𝑠𝑠
−1𝐾𝑠𝑚

] 𝑢𝑚 = 𝑇𝐺𝑢𝑦𝑎𝑛𝑢𝑚 (6) 

   
 

2.1.2 Dynamic condensation 
 

Unlike the Guyan reduction, dynamic condensation accounts for the inertia effects 

associated with the eliminated DOFs by introducing a frequency-dependent transformation 

matrix [33, 34]. The mathematical formulation is summarized below [35]. 

The partitioned equation of motion for the system, excluding external forces, is expressed as 

follows: 

 
 

[
𝑀𝑚𝑚 𝑀𝑚𝑠

𝑀𝑠𝑚 𝑀𝑠𝑠
] [

𝑢̈𝑚

𝑢̈𝑠
] + [

𝐾𝑚𝑚 𝐾𝑚𝑠

𝐾𝑠𝑚 𝐾𝑠𝑠
] [

𝑢𝑚

𝑢𝑠
] = [

0
0

] (7) 
 

 

It is assumed that the master and slave state vectors are defined as follows: 

 
 𝑢𝑚 = 𝑢𝑚 𝑐𝑜𝑠 𝜔𝑡 (8) 

 

 𝑢𝑠 = 𝑢𝑠 𝑐𝑜𝑠 𝜔𝑡 (9) 
 

 

These values are substituted into Eq. (7), resulting in the following equation: 

 
 

[
𝐾𝑚𝑚 − 𝜔2𝑀𝑚𝑚 𝐾𝑚𝑠 − 𝜔2𝑀𝑚𝑠

𝐾𝑠𝑚 − 𝜔2𝑀𝑠𝑚 𝐾𝑠𝑠 − 𝜔2𝑀𝑠𝑠

] [
𝑢𝑚

𝑢𝑠
] = [

0
0

] (10) 
 

 

Substituting the equations from the Guyan reduction into Eq. (10) yields the transformation 

matrix for the dynamic condensation method, expressed as follows: 
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𝑇Dynamic = [

𝐼𝑚×𝑚

[𝐾𝑠𝑠 − 𝜔2𝑀𝑠𝑠]−1[𝐾𝑠𝑚 − 𝜔2𝑀𝑠𝑚]
]

𝑛×𝑚

 (11) 

   
 

2.1.3 Improved reduced system (IRS) 
 

The IRS method extends the Guyan reduction by introducing an inertia correction to 

improve the accuracy of the reduced model. Unlike the Guyan reduction, which neglects the 

inertia contribution of the eliminated DOFs, the IRS method incorporates these effects as 

pseudo-static forces. The theoretical formulation is presented below [7, 36]. 

In the Guyan reduction, the accelerations of the master and slave DOFs are computed as 

follows: 

 
 𝑢̈𝑚 = 𝑀𝐺𝑢𝑦𝑎𝑛

−1 𝐾𝐺𝑢𝑦𝑎𝑛𝑢𝑚 (12) 
 

 𝑢̈𝑠 = −𝐾𝑠𝑠
−1𝐾𝑠𝑚𝑢̈𝑚 = 𝐾𝑠𝑠

−1𝐾𝑠𝑚𝑀𝐺𝑢𝑦𝑎𝑛
−1 𝐾𝐺𝑢𝑦𝑎𝑛𝑢𝑚 (13) 

 

 

Substituting Eqs. (12) and (13) into Eq. (5) results in the following equation: 

 
 𝑢𝑠 = 𝐾𝑠𝑠

−1(𝑀𝑠𝑚𝑀𝐺𝑢𝑦𝑎𝑛
−1 𝐾𝐺𝑢𝑦𝑎𝑛 − 𝑀𝑠𝑠𝐾𝑠𝑠

−1𝐾𝑠𝑚𝑀𝐺𝑢𝑦𝑎𝑛
−1 𝐾𝐺𝑢𝑦𝑎𝑛 − 𝐾𝑠𝑚)𝑢𝑚 (14) 

 

 

For the IRS method, the transformation matrix is expressed as: 

 
 𝑇𝐼𝑅𝑆 = 𝑇𝐺𝑢𝑦𝑎𝑛 + 𝑆𝑀𝑇𝐺𝑢𝑦𝑎𝑛𝑀𝐺𝑢𝑦𝑎𝑛

−1 𝐾𝐺𝑢𝑦𝑎𝑛 (15) 
 

 
𝑆 = [

0 0
0 𝐾𝑠𝑠

−1] (16) 

 

2.1.4 System equivalent expansion reduction process (SEREP) 
 

The SEREP method derives the transformation matrix directly from the modal information 

of the FOM.  The transformation is established using the eigenvectors associated with the 

retained DOFs, providing a reduced  order representation of the original system  [37]. The 

formulation of the SEREP method is defined below [4]. 

The state vector 𝑢 is related to the modal coordinates 𝑞 through the modal matrix 𝜓, as 

given by: 

 
 𝑢 = 𝜓𝑞 (17) 

 

 

The state vector and the modal matrix are partitioned into master and slave components, 

leading to: 

 
 

𝑢 = [
𝑢𝑚

𝑢𝑠
] = [

𝜓𝑚

𝜓𝑠
] 𝑞 (18) 

 

 

Applying the pseudoinverse of 𝜓𝑚 yields the transformation matrix for the SEREP method: 
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[
𝑢𝑚

𝑢𝑠
] = [

𝜓𝑚

𝜓𝑠
] 𝜓𝑚

+ 𝑢𝑚 = 𝑇𝑆𝐸𝑅𝐸𝑃𝑢𝑚 (19) 
 

 

where 𝜓𝑚
+ = (𝜓𝑚

𝑇 𝜓𝑚)−1𝜓𝑚
𝑇  denotes the pseudoinverse of  𝜓𝑚. 

 

2.1.5 Evaluation metric 
 

The accuracy of the ROMs is evaluated by comparing the natural frequencies predicted 

by each condensation method with those of the corresponding FOM. For this purpose, the 

normalised relative frequency difference (NRFD) is employed as the performance metric, 

providing a quantitative measure of the discrepancy between the natural frequencies predicted 

by the FOM and ROM.  Lower NRFD values indicate closer agreement with the reference 

solution and, consequently, higher prediction accuracy. The NRFD can be expressed as [38]: 

 
 

𝑁𝑅𝐹𝐷(𝑖) = |1 −
𝑓𝑓𝑢𝑙𝑙(𝑖)

𝑓𝑟𝑒𝑑(𝑖)
| ×  100% (20) 

 

 

Here, 𝑓𝑓𝑢𝑙𝑙(𝑖) represents the frequency of the full model in the 𝑖-th mode, and 𝑓𝑟𝑒𝑑(𝑖) denotes 

the frequency of the reduced model in the 𝑖-th mode. 

 

2.2 Uncertainty quantification and global sensitivity analysis framework 
 

This study integrates PCE and Sobol-based GSA for uncertainty analysis of the ROMs. 

PCE is employed to efficiently propagate input uncertainties and provide a surrogate model 

for the predicted natural frequencies, whereas Sobol's method quantifies the contribution of 

each uncertain parameter to the output variance. Together, these methods enable a 

comprehensive assessment of uncertainty propagation and parameter sensitivity in the reduced 

models. 

 

2.2.1 Polynomial chaos expansion (PCE) 
 

PCE approximates a quantity of interest (QoI), denoted as 𝑌, which depends on uncertain 

input variables, 𝑋, through a series of orthogonal polynomials. This technique is particularly 

valuable for reducing computational effort in UQ while preserving statistical accuracy. By 

utilizing polynomial expansions to represent the system's response, PCE provides a robust 

framework for analyzing complex models. The mathematical formulation of PCE is given as 

follows [19]: 

The response 𝑌, assumed to have finite variance (i.e. 𝔼[𝑌2] ≤ +∞), is expressed as a 

series expansion of multivariate polynomial basis functions 𝜓𝛼(𝑋), as follows: 

 

 𝑌 = ∑ 𝑦𝛼

𝛼∈ℕ𝑀

𝜓𝛼(𝑋) (21) 
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Here, 𝑀 represents the number of input variables, 𝑦𝛼 are the coefficients of the expansion, and 

𝜓𝛼(𝑋) = ∏ 𝜋𝛼𝑖

(𝑖)𝑀
𝑖=1 (𝑥𝑖) is the multivariate basis function defined as the product of univariate 

orthogonal polynomials 𝜋𝛼𝑖

(𝑖)
(𝑥𝑖). 

The set {𝜋𝑘
(𝑖)

, 𝑘 ∈ ℕ} denotes a family of univariate orthonormal polynomials with respect 

to the marginal probability density function 𝑓𝑋𝑖
. The polynomial basis functions 𝜋𝛼𝑖

(𝑖)
(𝑥𝑖) 

satisfy the following orthogonality condition:  

 
 

〈𝜋𝑗
(𝑖)

, 𝜋𝑘
(𝑖)〉 = ∫ 𝜋𝑗

(𝑖)
(𝑢)𝜋𝑘

(𝑖)
(𝑢)𝑓𝑋𝑖

(𝑢)𝑑𝑢 = 𝛿𝑗𝑘 (22) 
 

 

where 𝛿𝑗𝑘 is the Kronecker delta. Multivariate orthogonality then follows as 

𝔼[𝜓𝛼(𝑋)𝜓𝛽(𝑋)] = 𝛿𝛼𝛽.  

To make computations feasible, a truncation scheme is applied to limit the number of 

polynomial basis functions in the expansion. The standard truncation approach involves 

selecting only those polynomials whose total degree 𝑝𝑡, which is the sum of the multi-indices 

𝛼𝑖 across all dimensions (𝑝𝑡 = ∑ 𝛼𝑖
𝑀
𝑖=1 ), is less than or equal to a predefined maximum degree 

𝑝. This leads to the truncated representation of the model response 𝑌, expressed as: 

 
 𝑌 = ℳ(𝑋) ≈ ∑ 𝑦𝛼

𝛼∈𝒜

𝜓𝛼(𝑋) + 𝜀 (23) 

 

where the truncation set 𝒜 = {𝛼: ∑ 𝛼𝑖
𝑀
𝑖=1 ≤ 𝑝} is defined as the collection of all multi-indices 

𝛼 whose total degree does not exceed 𝑝.  

The cardinality 𝑃 of the truncation set, which represents the total number of retained 

polynomial terms, is given by 𝑃 = (
𝑀 + 𝑝

𝑝
). This equation accounts for all possible 

combinations of polynomial degrees up to 𝑝 across the 𝑀 input dimensions. Once this 

truncation set is defined, various techniques can be used to estimate the coefficients 𝑦𝛼. 

Among them, least-squares minimization is a widely used and effective approach. 

The coefficients 𝑦𝛼 are computed by minimizing the mean square error (MSE) between 

the true model response ℳ(𝑋) and its PCE approximation. This minimization is 

mathematically expressed as: 

 
 

𝑦̂ = arg 𝑚𝑖𝑛
𝑦𝛼

 𝔼 [(ℳ(𝑋) − ∑  

𝛼∈𝒜

𝑦𝛼𝜓𝛼(𝑋))

2

] (24) 

 

 

For practical purposes, the expectation in the minimization problem is approximated using 

𝑛 experimental design samples, {𝒳(𝑖), ℳ(𝒳(𝑖))} 𝑛
𝑖=1

. The discrete approximation of the MSE 

is then expresed as:  [
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𝑦̂ = arg 𝑚𝑖𝑛
𝑦𝛼

 
1

𝑛
∑  

𝑛

𝑖=1

(ℳ(𝒳(𝑖)) − ∑  

𝛼∈𝒜

𝑦𝛼𝜓𝛼(𝒳(𝑖)))

2

 (25) 

 

 

The computation can be efficiently expressed in matrix form. In this formulation, the 

experimental matrix 𝐴 is defined such that each entry is given by: 

 

                𝐴𝑖𝑗 = 𝜓𝑗(𝒳(𝑖)),    𝑤ℎ𝑒𝑟𝑒    𝑖 ∈ {1, 2, … , 𝑛},      𝑗 ∈ {0, 1, … , 𝑃 − 1}          (26) 

 

The vector Μ = {ℳ(𝒳(1)), … , ℳ(𝒳(𝑛))}
𝑇
 contains the model evaluations at all design 

points. The least-squares solution for the coefficient vector 𝑦̂ is then determined as: 

 
 𝑦̂ = (𝐴𝑇𝐴)−1𝐴𝑇𝛭 (27) 

 

 

To evaluate the accuracy of the PCE approximation, a built-in error estimate can be 

derived using leave-one-out (LOO) cross-validation. The generalization error 𝐸𝑔𝑒𝑛, which 

measures the expected squared difference between the true model ℳ(𝑋) and its PCE 

approximation ℳ𝑃𝐶𝐸(𝑋), is expressed as: 

 
 𝐸𝑔𝑒𝑛 = 𝔼 [(ℳ(𝑋) − ℳ𝑃𝐶𝐸(𝑋))

2
] (28) 

 

In practice, this error is approximated using the LOO approach, which is defined as: 

 
 

𝐸LOO =
1

𝑛
∑  

𝑛

𝑖=1

(ℳ(𝒳(𝑖)) − ℳPCE(𝒳(𝑖)))
2

(1 − ℎ𝑖)
2

 (29) 

 

 

where ℎ𝑖 represents the 𝑖-th diagonal entry of the projection matrix 𝐴(𝐴𝑇𝐴)−1𝐴𝑇.  

From the orthogonality of the basis, the statistical moments of 𝑌 can be directly derived. The 

mean and variance are: 

 
 𝜇̂𝑌 = 𝑦̂0         𝜎̂𝑌

2 = ∑  

𝛼∈𝒜∖0

𝑦̂𝛼
2 (30) 

 

 

Additionally, the truncated expansion ℳ̃ = ∑  𝛼∈𝒜 𝑦̂𝛼𝜓𝛼(𝑥) is employed as a surrogate model 

for efficient sampling or UQ. 

 

2.2.2 Sobol sensitivity analysis 
 

Sobol-based GSA quantifies the contributions of uncertain input parameters and their 

interactions to the variance of the model response through a variance-based decomposition 

[39, 40]. The resulting sensitivity indices distinguish the individual and interaction effects of 
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the input parameters, thereby identifying the dominant sources of output uncertainty [41, 42]. 

The Sobol method is mathematically formulated as described by the following equations [43]. 

The stochastic model is presented as 𝑌 = ℳ(𝑋), where 𝑋 is a random input vector 

consisting of independent parameters, and 𝑌 represents the QoI.  The Sobol decomposition of 

𝑌 can be expressed as follows: 

 
 

𝑌 = ℳ0 + ∑ ℳ𝑖

𝑛

𝑖=1

(𝑋𝑖) + ∑ ℳ𝑖𝑗(𝑋𝑖 , 𝑋𝑗)

1≤𝑖<𝑗≤𝑛

+ ⋯ + ℳ1…𝑚(𝑋𝑖, … , 𝑋𝑛) (31) 

 

 

With 

ℳ0 = 𝔼[𝑌] 

                                                    ℳ𝑖(𝑋𝑖) = 𝔼[𝑌|𝑋𝑖] − ℳ0                                               (32) 

ℳ𝑖𝑗(𝑋𝑖, 𝑋𝑗) = 𝔼[𝑌|𝑋𝑖 , 𝑋𝑗] − ℳ0 − ℳ𝑖 − ℳ𝑗 

 

ℳ0 is the mean of the response, and the subsequent terms capture the effects of individual 

inputs, their pairwise interactions, and higher-order combinations. Each term is recursively 

defined as a conditional expectation, forming an orthogonal decomposition. This provides a 

structured representation of how input uncertainties contribute to the model's response 

variability, leading to the following expression for the total variance: 

 
 𝑉𝑎𝑟(𝑌) = ∑ 𝑉𝑎𝑟(ℳ𝑢(𝑋𝑢))

𝑢

,    ∅ ≠ 𝑢 ⊂ {1, … , 𝑛} (33) 
 

 

The conditional variance 𝑉𝑎𝑟(ℳ𝑢(𝑋𝑢))   quantifies the contribution of the subset of input 

variables 𝑋𝑢  to the total output variance, where 𝑋𝑢  denotes the variables indexed by the subset 

𝑢. The Sobol' index associated with the subset u is then defined as the ratio of this contribution 

to the total model variance: 

 
 

𝑆𝑢 =
𝑉𝑎𝑟(ℳ𝑢(𝑋𝑢))

𝑉𝑎𝑟(𝑌)
 (34) 

 

 

From this equation, it follows that: 

 
 

∑ 𝑆𝑢

𝑢

= ∑ 𝑆𝑖

𝑛

𝑖=1

+ ∑ 𝑆𝑖𝑗

1≤𝑖<𝑗≤𝑛

+ ⋯ + 𝑆1…𝑚 = 1 (35) 

 

 

The first-order and second-order Sobol' indices are respectively defined as: 

 
 𝑆𝑖 =

𝑉𝑎𝑟(ℳ𝑖(𝑋𝑖))

𝑉𝑎𝑟(𝑌)
  ,     𝑖 = 1, … , 𝑛  (36) 
 

 [
 D

O
I:

 1
0.

22
06

8/
ijo

ce
.2

02
6.

16
.2

.6
79

 ]
 

 [
 D

ow
nl

oa
de

d 
fr

om
 ij

oc
e.

iu
st

.a
c.

ir
 o

n 
20

26
-0

8-
14

 ]
 

                            10 / 24

http://dx.doi.org/10.22068/ijoce.2026.16.2.679
https://ijoce.iust.ac.ir/article-1-679-en.html


UNCERTAINTY QUANTIFICATION IN APPROXIMATING DYNAMIC… 311 

 
𝑆𝑖𝑗 =

𝑉𝑎𝑟(ℳ𝑖𝑗(𝑋𝑖𝑗))

𝑉𝑎𝑟(𝑌)
  ,     1 ≤ 𝑖 < 𝑗 ≤ 𝑛  (37) 

 

 

where 𝑆𝑖 quantifies the individual contribution of the input variable 𝑋𝑖 to the total output 

variance, whereas 𝑆𝑖𝑗 represents the contribution arising from the interaction between the input 

variables 𝑋𝑖 and 𝑋𝑗 . Higher-order Sobol' indices are formulated in an analogous manner and 

quantify the contributions associated with interactions among three or more input variables. 

The total Sobol’ indices are used to measure the full contribution of the 𝑖-th random variable 

𝑋𝑖 to the total variance, considering both its individual effect and its interactions with other 

variables. These indices are defined as follows: 

 
 𝑆𝑇𝑖 = ∑ 𝑆𝑢

𝑢⊂{1,…,𝑛},   𝑖∈𝑢

,    𝑖 = 1, … , 𝑛 (38) 

 
 

 
 

3. NUMERICAL MODELS 
 

This section describes the numerical models, uncertain input parameters, and DOF reduction 

strategies used for assessing the performance of the ROMs. These components establish the 

basis for evaluating the accuracy of the condensation techniques in predicting natural 

frequencies under uncertain conditions. 

 

3.1 Description of numerical models 
 

Two structural models, namely a shear frame and a plane truss, are adopted to assess the 

performance of the four reduction techniques studied in this work [8]. 

The shear frame, shown in Figure 1, is a 16-story structure with three spans of 7 m each 

and a floor height of 3 m. For dynamic analysis, only the horizontal translational displacement 

at each floor is considered, resulting in a model with 16 DOFs. This simplified representation 

enables the evaluation of the investigated ROM techniques for a low-frequency structural 

system. 

The plane truss, shown in Figure 2, consists of 14 nodes and 25 elements. Each node has 

two translational DOFs corresponding to the horizontal and vertical directions, resulting in a 

total of 28 DOFs. Given its broader frequency range, this model is employed to examine the 

performance of the investigated ROM techniques in reproducing the dynamic behavior of the 

FOM. 

 

3.2 Uncertain input parameters 
 

In the shear frame model, the uncertain input parameters are the moments of inertia of the 

columns (𝐼1 − 𝐼8). These parameters are assumed to follow the probability distributions 

reported in [44]. The corresponding probability distributions and statistical properties are 

listed in Table 1. 

In the plane truss model, the uncertain input parameters are Young’s modulus (𝐸), mass 

density (𝜌), the cross-sectional areas of the horizontal (𝐴1) and vertical/diagonal (𝐴2) 
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members, and the lengths of the horizontal (𝐿1) and vertical (𝐿2) members. The probability 

distributions assigned to these parameters are selected based on previous studies [25, 45, 46]. 

The corresponding statistical properties are summarized in Table 2. 

 

3.3 Master degree of freedom selection strategies 
 

To investigate the effect of master DOF selection on the performance of the ROMs, three 

distinct selection strategies are considered. Each strategy defines a different set of retained 

master DOFs, providing alternative condensation configurations for representing the dynamic 

behavior of the FOM. This enables a systematic comparison of the reduction methods while 

examining how the selection of master DOFs influences the accuracy of the predicted dynamic 

responses under uncertainty. The retained master DOFs for the shear frame and plane truss 

are listed in Tables 3 and 4, respectively, following the master DOF configurations proposed 

in [8]. 

 

 

Figure 1: Configuration of the shear frame 
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Figure 2: Configuration of the plane truss 

 
Table 1: Description of the input uncertainties and their statistical properties for the shear frame 

Parameter Distribution Unit Mean Std. Dev. 

𝐼1 Normal 𝑚4 0.0021 0.0002 

𝐼2 Normal 𝑚4 0.0036 0.0004 

𝐼3 Normal 𝑚4 0.0067 0.0007 

𝐼4 Normal 𝑚4 0.0076 0.0008 

𝐼5 Normal 𝑚4 0.0038 0.0004 

𝐼6 Normal 𝑚4 4.99E-3 4.99E-4 

𝐼7 Normal 𝑚4 4.68E-03 4.68E-04 

𝐼8 Normal 𝑚4 8.24E-03 8.24E-04 

 
Table 2: Description of the input uncertainties and their statistical properties for the plane truss 

Parameter Distribution Unit Mean Std. Dev. 

𝐸 Log-Normal 𝑁 𝑚2⁄  2.1E11 2.1E10 

𝜌 Weibull 𝑘𝑔 𝑚3⁄  7850 785 

𝐴1 Log-Normal 𝑚2 2E-3 2E-4 

𝐴2 Log-Normal 𝑚2 1E-3 1E-4 

𝐿1 Normal 𝑚 1 0.05 

𝐿2 Normal 𝑚 0.8 0.04 

 

Table 3: Remaining DOFs for each reduction strategy in the shear frame 

Strategy Remaining DOFs 

1 1, 3, 9, and 16 

2 1, 3, 6, 8, 11, and 14 

3 1, 3, 5, 7, 9, 11, 13, 15, and 16 
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Table 4: Remaining DOFs for each reduction strategy in the plane truss 

Strategy Remaining DOFs (vertical direction) Remaining DOFs (horizontal direction) 

1 Nodes 1, 3, 5, 9, 12, and 14 - 

2 Nodes 1, 2, 3, 4, 5, 6, 7, 9, 10, and 13 - 

3 Nodes 1, 2, 3, 4, 5, 6, 7, 9, 10, 11, 12, 13, 

and 14 

Nodes 9 and 14 

 

 

4. RESULTS 
 

The results are organised into three parts to examine the relationship between ROM accuracy 

and the reliability of uncertainty-based analyses. First, the predictive accuracy of the ROMs 

is assessed by comparing the natural frequencies predicted by different condensation 

techniques and master DOF selection strategies. The analysis then focuses on the capability 

of the ROMs to capture uncertainty propagation through comparisons of their confidence 

intervals with those of the FOM. Finally, GSA is conducted using the optimal reduction 

strategy identified for each structural model to determine how effectively the sensitivity 

patterns of the FOM are preserved after model reduction. 

 

4.1 Accuracy assessment of the reduced order models 
 

The NRFD metric for the shear frame and plane truss obtained using the three master DOF 

selection strategies are presented in Figures 3 and 4, respectively. Across both structures, 

progressively refining the retained DOFs consistently reduces the NRFD values, confirming 

that an appropriate master DOF configuration is essential for preserving the dynamic 

characteristics of the FOM. A further observation is that the extent of this improvement 

depends on the dynamic complexity of the structure, with the influence of master DOF 

selection becoming increasingly pronounced as the structural response spans a broader 

frequency range. 

Clear differences between the investigated reduction techniques emerge as the vibration 

mode increases. SEREP maintains the lowest NRFD values across all reduction strategies and 

throughout the considered modal range, demonstrating a high degree of robustness with 

respect to both structural dynamic behaviour and master DOF selection.  IRS also provides a 

close approximation to the FOM, with only limited differences appearing in the highest modes 

of the shear frame and slightly larger discrepancies in the plane truss under the first master 

DOF configuration. The Guyan and dynamic condensation methods, however, exhibit an 

increasingly larger separation from the FOM as the vibration mode increases. Despite the close 

agreement among the four techniques in the lower modes, their performance begins to differ 

in the higher modes, where the increasing complexity of the modal response imposes greater 

challenges for accurate representation. 

The stronger distinction between the reduction techniques for the plane truss reflects the 

greater influence of structural dynamic complexity on ROM performance. Deterministic 

model fidelity therefore becomes more strongly dependent on the ability of a reduction  [
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technique to retain higher-order dynamic characteristics, providing the foundation for the 

subsequent assessment of uncertainty propagation and global sensitivity. 

 

4.2 Uncertainty propagation 
 

Figures 5 and 6 compare the 95% confidence intervals (CIs) of the natural frequencies 

estimated by the FOM and the ROMs for the shear frame and plane truss, respectively. Rather 

than focusing on deterministic fidelity, this analysis examines how uncertainty in the input 

parameters is transferred to the predicted structural response after model reduction. Across 

both structures, the CIs widen with increasing vibration mode, indicating that higher-

frequency responses are more sensitive to parameter uncertainty. This effect is substantially 

stronger for the plane truss, highlighting the greater role of structural dynamic complexity in 

governing uncertainty propagation. 

The four reduction techniques exhibit distinctly different abilities to reproduce this 

probabilistic behaviour. SEREP consistently yields CIs that remain almost indistinguishable 

from those of the FOM throughout the investigated modal range and for all master DOF 

strategies, demonstrating that the uncertainty characteristics of the reference model are 

effectively retained after reduction. IRS also follows the probabilistic response closely for the 

shear frame, with the remaining differences becoming almost negligible under the third master 

DOF strategy. For the plane truss, however, noticeable discrepancies persist in the upper 

modal range even after refinement of the retained DOFs, indicating that the benefits of 

improving the master DOF configuration diminish as the structural dynamics become more 

complex. The Guyan and dynamic condensation methods exhibit increasingly wider CIs from 

the intermediate modes onwards, showing that the variability introduced by uncertain 

parameters is no longer fully reproduced after model reduction. 

A clear correspondence exists between deterministic accuracy and the predicted CIs across 

the investigated reduction techniques. Reduction techniques that more accurately reproduce 

the modal characteristics of the FOM also retain the associated uncertainty with greater 

consistency. The same trend is observed for master DOF selection, where improved retained 

DOFs systematically reduce the differences in the predicted uncertainty bounds, with a 

markedly stronger effect for the shear frame than for the plane truss. This behaviour indicates 

that uncertainty propagation is governed not only by the reduction technique itself but also by 

the quality of the retained DOF configuration. 

 

4.3 Global sensitivity analysis 
 

Figures 7 and 8 compare the first-order and total Sobol' indices of the FOM and the ROMs 

for the shear frame and plane truss using the third master DOF selection strategy.  Previous 

analyses focused on the accuracy of the predicted responses and their uncertainty ranges, while 

this section evaluates whether the reduction process maintains the relative importance of 

uncertain parameters in response variability. This aspect is critical because similarity in the 

predicted natural frequencies alone does not ensure that the dominant uncertainty sources and 

their relative contributions to response variability are accurately identified. 
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Figure 3: NRFD values for the reduced models of the shear frame 
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Figure 4: NRFD values for the reduced models of the plane truss 
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Figure 5: 95% CIs for the natural frequencies of the shear frame 
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Figure 6: 95% CIs for the natural frequencies of the plane truss 
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For the shear frame, the contribution of uncertain parameters varies systematically across 

the vibration modes. The first mode is dominated by 𝐼5 and 𝐼7, whereas 𝐼2 and 𝐼6 become the 

principal contributors in the second mode. In the third and fourth modes, 𝐼3 becomes 

increasingly influential, while 𝐼5 and 𝐼7 continue to represent the major sources of variability. 

All reduction techniques capture the same sequence of influential parameters identified by the 

FOM, indicating that the interpretation of the uncertainty sources remains unchanged after 

reduction. The main differences between the ROMs are therefore related to the magnitude of 

the calculated Sobol' indices rather than to the parameters identified as the primary 

contributors to the response variability. SEREP provides the closest agreement with the FOM 

throughout the analysed modal range, followed by IRS, which exhibits only minor deviations 

in the higher modes. The Guyan and dynamic condensation methods show larger 

discrepancies in these modes; however, their deviations do not modify the ranking of the 

parameters with the largest impact on the response variability.   

The plane truss exhibits a more complex sensitivity pattern across the vibration modes. In 

the first two modes, 𝐿1 accounts for the largest share of the response variance, followed by 𝜌 

and 𝐸. In the third mode, the relative importance of these parameters changes, with 𝜌 

becoming the primary source of variability, whereas 𝐿1 becomes the leading parameter again 

in the fourth mode. SEREP captures this modal transition with close agreement to the FOM, 

while IRS follows the same pattern with moderate differences in the estimated Sobol' indices. 

The Guyan and dynamic condensation methods show increasing discrepancies in the higher-

order modes. Although both techniques show acceptable agreement in the lower modes, they 

fail to preserve the parameter ranking identified by the FOM, resulting in differences in both 

the sensitivity magnitudes and the ordering of the most influential variables. 

Across both structural models, the first-order and total Sobol' indices remain nearly 

identical for all vibration modes and reduction techniques, confirming negligible interaction 

effects among the uncertain variables and that the response variance is largely attributed to the 

individual parameters. The comparison further shows that preserving the underlying 

sensitivity structure becomes increasingly challenging with increasing structural dynamic 

complexity. All reduction techniques retain the general sensitivity pattern of the shear frame, 

whereas the more demanding response behaviour of the plane truss exposes the limitations of 

simpler reduction approaches, particularly the Guyan and dynamic techniques, in preserving 

the FOM sensitivity structure. 

 

 

5. CONCLUSIONS 
 

This study presented a comprehensive framework for evaluating the reliability of ROMs for 

structural dynamic analyses under uncertainty by integrating deterministic validation, 

uncertainty propagation, and GSA. The results demonstrate that deterministic accuracy, 

although essential, is not by itself a sufficient criterion for selecting ROMs for stochastic 

structural dynamic analyses. The findings further show that reliable UQ depends on the ability 

of reduced models to preserve not only the dynamic response of the FOM but also the 

associated uncertainty characteristics arising from uncertain input parameters. 
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Figure 7: Sobol' indices for the first four natural frequencies of the shear frame 

 

 
Figure 8: Sobol' indices for the first four natural frequencies of the plane truss 

 

 

Comparative analyses conducted on two structural systems with distinct dynamic 

characteristics showed that the performance of ROMs is governed by both the selected master 

DOFs and the complexity of the structural response. SEREP consistently achieved the closest 

agreement with the FOM across all investigated vibration modes. IRS also showed strong 

overall performance, particularly for the shear frame, whereas moderate deviations were 
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observed in the higher vibration modes of the plane truss. The Guyan and Dynamic 

condensation methods yielded satisfactory results for the lower modes, but their effectiveness 

gradually diminished as the contribution of higher-frequency dynamics became increasingly 

significant. 

An important outcome of this work is the strong relationship between deterministic model 

fidelity and the reliability of uncertainty predictions. The reduction techniques exhibiting the 

highest overall accuracy also provided the closest confidence interval predictions and Sobol 

sensitivity estimates, correctly identifying both the dominant uncertain parameters and their 

relative contributions to response variability. As the approximation of the FOM became less 

accurate, larger discrepancies appeared in uncertainty propagation, accompanied by changes 

in both the ranking and the relative importance of the most influential uncertain parameters. 
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